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Ž . Ž . Ž .The trapezoid map g x is defined for fixed e g 0, 1 by g x s xre fore e
w x Ž . Ž . Ž . Ž . w xx g 0, e , g x s 1 for x g e, 2 y e , and g x s 2 y x re for x g 2 y e, 2 .e e
 Ž . 4For a given e and the associated one-parameter family lg x : 1 - l - 2 , lettinge
Ž . Ž .l e be the smallest value of l ) 1 for which a fixed x g e, 2 y e , say x , is an c
periodic point of period 2 n, Beyer and Stein conjectured in 1982 that, for any
 Ž .4‘e - 1, the parameter sequence l e is quadratically convergent. In this papern 1
the conjecture is proved. Further, the quadratic convergence is generalized to
nonisosceles trapezoid maps. Q 1998 Academic Press
1. INTRODUCTION
In the last few decades, the subject of period doubling in dynamical
systems has had a burst of activity. The latest count in the Mathematical
Re¤iews shows 2293 papers in the mathematics and physics literature
dealing with period doubling. Most of these papers appeared after Feigen-
w xbaum's seminal paper 9 on the subject. The earliest paper on period
w xdoubling we have found is by Kats 11 in 1970 entitled ``Period doubling in
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WANG AND BEYER2
a one-dimensional Fermi particle system.'' The seminal paper by Metropo-
w xlis et al. 14 , preceding that of Feigenbaum, introduced the subject into
mathematics and mathematical physics.
w xFeigenbaum 9 observed that for the one-parameter family of quadratic
Ž . Ž .  4‘unimodal maps f x s l x 1 y x , the parameter sequence l corre-l n 1
sponding to ``period doubling'' has the following metric universality:
l y ln ny1
lim s 4.6692 ??? . 1Ž .
l y ln“‘ nq1 n
This convergence is called linear convergence or geometric convergence.
The proof of the correctness of the above limit was difficult. The first
w xproof was by Lanford 12 . The work of Feigenbaum, Lanford, and others
leading to the proof of this geometric convergence led to many advances in
the theory of dynamical systems. It is sometimes believed that this geomet-
w xric convergence phenomenon was universal for any unimodal map of 0, 1
into itself.
Beyer and Stein found in 1982 that a class of one-parameter families of
flat-top unimodal maps possesses an important metric property, differing
Žfrom that of families of quadratic unimodal maps. They Beyer and Stein
w x w x. 12 and corrected by Wang 18 proved that, for a family of trapezoid
 Ž . 4maps, lg x : 1 - l - 2 , where 0 - x - 2, 0 - e - 0.99, ande
w x¡xre, x g 0, e ,
~1, x g e, 2 y e ,Ž .g x s 2Ž . Ž .e ¢ w x2 y x re, x g 2 y e, 2 ,Ž .
Ž .if l e denotes the smallest value of l ) 1 for which x s 1 is a periodicn
point of period 2 n, then
log l e y l e r l e y l e 4Ž . Ž . Ž . Ž .Ž . Ž .nq2 nq1 nq1 n
lim s 2. 3Ž .
log l e y l e r l e y l en“‘  4Ž . Ž . Ž . Ž .Ž . Ž .nq1 n n ny1
Ž .The proof of 3 by Beyer and Stein is based in part on symbolic computer
results.
ŽThroughout this paper, period doubling refers to the sequence of
n .period doublings with periods 2 .
w x Ž .It is shown in 19 that 3 implies that the convergence is quadratic,
Ž Ž . Ž .. Ž Ž . Ž ..2meaning that l e y l e - C l e y l e , for some C ) 0,nq1 n n ny1
Ž Ž . Ž .. Ž Ž . Ž ..and l e y l e r l e y l e “ ‘ as n “ ‘, as contrastedn ny1 nq1 n
1 In British English, the two words ``trapezoid'' and ``trapezium'' are interchanged from
American usage. Here we follow American usage.
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w xwith Feigenbaum's metric universality. In fact, it is proved implicitly in 19
 Ž .4‘that the convergence rate of l e satisfiesn 1
l e y l eŽ . Ž .Ž . 0, for p - 2,nq1 n
lim s 4Ž .p ½ ‘, for p ) 2.n“‘ l e y l eŽ . Ž .Ž .n ny1
w xThen it follows from Theorem 3.4 of 1, p. 275 , that the form of conver-
Ž . Ž .gence given by 3 is equivalent to that of 4 . Discussion of convergence
w x w xrates is found in 1 and 21 .
Obviously, Beyer and Stein's and Feigenbaum's observations are of
completely different behaviors in dynamical systems. Both are important
and require proof. A proof not involving any estimates obtained by
w xcomputer is given in 20 . This proof also generalized Beyer and Stein's
result from the family of isosceles trapezoid maps to that of nonisosceles
trapezoid maps. Unfortunately, if the proof is restricted to a family of
w xisosceles trapezoid maps, the proof in 20 is effective only for a family
' Ž . 4 Ž .lg x : 1 - l - 2 with e - 2 3 y 1 r3 s 0.821 . . . . In other words, soe
far we have only
'w x . Ž .THEOREM 1 20, Theorem 4.0 the case r s 1 . Let e - 2 3 y 1 r3.
 Ž .4‘The parameter sequence l e corresponding to period doubling for a familyn 1
 Ž . 4of isosceles trapezoid maps lg x : 1 - l - 2 is quadratically con¤ergent.e
However, Beyer and Stein conjectured ``The same conclusion probably
holds for any e - 1.'' The goal of the present paper is to show that the
Beyer]Stein conjecture is correct by giving a rigorous and complete proof
and generalizing it to nonisosceles trapezoid maps. This gives the theory of
this paper the status of a universal convergence theory for flat-top uni-
w xmodal maps. A similar statement is made by Doi 6 .
It may seem that the improvement of the condition on e from e F 0.99
to e - 1 is modest. Actually it is a big improvement. The condition
e F 0.99 requires that only a single polynomial be considered, whereas the
condition e - 1 requires the consideration of an infinite number of
polynomials.
Additional examples of families of functions that seem, at least numeri-
cally, to give quadratic convergence in period doubling connected with
w xharmonics are given in 2 . All but one of these examples have functions
that are concave and in some neighborhood of 1r2 are constant. An
example is given in which the period doubling sequence for harmonics of
RL seems to be quadratic. Finally an example is given of a function that is
not constant in any interval, but all its derivatives are zero at the critical
point. This example is discussed in more detail in Appendix B.
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We note the following connection between geometric and quadratic
convergence. Numerical work appearing at the end of the Beyer et al.
w x Ž .paper 3 indicates that iteration of the inverse function of l x 1 y x gives
 4‘quadratic convergence of the sequence l , where l are the parametern 1 n
values in period doubling for the inverse function. But for the direct
function, one has geometric convergence.
The main part of this paper is the study of the iterated trapezoid map.
w xThis subject is dealt with in the book of Louck and Metropolis 13 .
The appendices are given to provide some background to the main
subject of the paper and to fit the paper into a larger context.
Appendix A shows that results of Eckmann and Epstein demonstrate
that the quadratic convergence for flat-top maps is not at all what one
would expect from the Feigenbaum theory.
Appendix B shows a possibly curious relation between a function that is
exponential at the critical point and the Eckmann]Epstein results.
Appendix C demonstrates quadratic convergence for trapezoid maps
with a different kind of parameterization. These maps were found by
Borcherds and McCauley recently and after this paper was originally
written. The quadratic convergence is very easy to prove in their case.
2. UPPER BOUND LEMMA
w xThe notation and terminology here are similar to that used in 20 and
w x  Ž . 4 Ž .2 . Recall the family lg x : 1 - l - 2 defined in 2 above, but nowe
0 - e - 1. Define
H x , e, l s lg x 5Ž . Ž . Ž .e
and
H s H , H s H( H , . . . , H s H( H( ??? ( H1 2 p ^ ‘ _
p
Ž .functional composition p times in the variable x .
Ž .Select x as a point in the open interval e, 2 y e . It might be morec
natural to select 1 for the purposes below, but the choice of x is made forc
later application to the case of a nonisosceles map.
w xFollowing Metropolis et al. 14 , for x s x we define a pattern P to bec
Ž .the sequence of letters R and L generated by iterating the map H x, e, l
Ž .p q 1 times starting at x , called the itinerary of x . The length of P isc c
p. After each iteration of H an element of P is added to the right. It is an
R or L according as the value of the iterated map is to the right of x orc
left of x . The pattern is terminated if the value is x . Next we denote byc c
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Ž . Ž . w x Ž .R k the k y 1 st harmonic of the pattern R 14 . For example, R 1 s R,
Ž . Ž . 3 Ž . Ž . Ž .R 2 s RLR, R 3 s RLR LR, . . . , R n q 1 s R n AR n , where A s L
Ž .if R n contains an odd number of Rs, and A s R otherwise. The number
Ž . nof symbols in R n is 2 y 1.
Ž . w xIt can be shown that the pattern R n is realized for some l 3, 19 ; i.e.,
Ž .for a suitable l the iteration of H x , e, l leads to a polynomial in l toc
Ž .which the harmonic R n corresponds. Let z s lre. We denote the
Ž .polynomial corresponding to the l for which the pattern R n is realized
Ž .by H x , e, z .RŽn. c
The first five harmonics give the polynomials:
H x , e, z s z 2 y l s yez2 q 2 z ,Ž . Ž .RŽ1. c
H x , e, z s z 2 y z z 2 y l s ez 4 y 2 z 3 q 2 z ,Ž . Ž .Ž .Ž .RŽ2. c
H x , e, z s yez8 q 2 z7 y 2 z 5 q 2 z 4 y 2 z 3 q 2 z ,Ž .RŽ3. c
H x , e, z s ez 2 4 y 2 z 2 4y1 q 2 z 2 4y3 y 2 z 2 4y4 q 2 z 2 4y5 y 2 z 2 4y7Ž .RŽ4. c
q 2 z 2 4y9 y 2 z 2 4y1 1 q 2 z 2 4y1 2 y 2 z 2 4y1 3 q 2 z 2 4y1 5 ,Ž .
H x , e, z s yez2 5 q 2 z 2 5y1 y 2 z 2 5y3 q 2 z 2 5y4 y 2 z 2 5y5 q 2 z 2 5y7Ž .RŽ5. c
y 2 z 2 5y9 q 2 z 2 5y1 1 y 2 z 2 5y1 2 q 2 z 2 5y1 3 y 2 z 2 5y1 5
q 2 z 2 5y1 6 q y2 z 2 5y1 7 q ??? q2 z ,Ž .
Ž .where the terms in the last parentheses are a copy of H x , e, z exceptRŽ4. c
2 4 wthe first term ez . The first four of these polynomials are given in 20, p.
x Ž .210 . Note that the form of H x , e, z does not depend on x . H isRŽk . c c RŽk .
w xgiven also in 20, p. 210 with e s e and r s 1:1
Ž .n kR
kk ny12 nqN Žk , n.LH x , e, z s y1 ez q 2 y1 z , 6Ž . Ž . Ž . Ž .ÝRŽk . c
ns1
Ž . Ž . Ž .where n k is the number of Rs in the pattern R k , n k is the numberR L
Ž . Ž .of Ls in the pattern R k , and N k, n is the number of Ls before theL
Ž . Ž . Ž kq1 . Ž . Ž kq1nth R in R k . Also n k s 2 y 2 r3 for k even and n k s 2R R
. Ž . Ž k . Ž .y 1 r3 for k odd. Likewise, n k s 2 y 1 r3 for k even and n k sL L
Ž k .2 y 2 r3 for k odd.
Ž .We define the trapezoid polynomial f x , e, z in z corresponding to an c
Ž .harmonic R n as
f x , e, z s H x , e, z y x . 7Ž . Ž . Ž .n c RŽn. c c
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Then we easily obtain a recursive formula:
f x , e, z s yz 2 ny 1f 1, e, z q f x , 1, z . 8Ž . Ž . Ž . Ž .n c ny1 ny1 c
Ž .Rather than write down a formula for f x , e, z , we shall exhibit onlyn c
Ž . Ž .its derivative with respect to z as given in 9 below for n even and in 10
for n odd.
Ž .Let l x , e be the unique value of the parameter such that then c
Ž .harmonic R n is realized for the initial point x under the iteration ofc
Ž . Ž . Ž . Ž Ž ..H x , e, z on x , where z e s l x , e re; i.e., f x , e, z e s 0. Thec n c n n c n c n
Ž . w xuniqueness of l x , e can be found in 14 .n c
The following Lemma 1 is one of the two basic lemmas from which our
w xconvergence theorem is proved. It is a special case of Lemma 3.3 in 20
Ž .with e s e s e, r s e re s 1, z s lre s lre, and f x, e , r ; z s1 2 1 2 1 n 1
Ž .f x , e, z there. But we prove it here for convenience in understandingn c
the next two sections. Because the expression for f X does not depend onn
x , we omit it in the list of arguments of f X .c n
Ž .LEMMA 1 Upper Bound Lemma . For any e - 1, there exists a positi¤e
Ž .upper bound C e , independent of n but depending on e, such that1
Xf e, z eŽ .Ž .n ny1
B e ’ - C e .Ž . Ž .nn 12z eŽ .ny1
Ž .Proof. Taking the derivative of f e, z with respect to z, we have for nn
even,
f X e, z s e2 nz 2 ny1 y 2 2 n y 1 z 2 ny2 q 2 2 n y 3 z 2 ny4Ž . Ž . Ž .n
y 2 2 n y 4 z 2 ny5 q 2 2 n y 5 z 2 ny6 y 2 2 n y 7 z 2 ny8Ž . Ž . Ž .
q 2 2 n y 9 z 2 ny1 0 y 2 2 n y 11 z 2 ny1 2 q 2 2 n y 12 z 2 ny1 3Ž . Ž . Ž .
y 2 2 n y 13 z 2 ny1 4 q 2 2 n y 15 z 2 ny1 6 y 2 2 n y 16 z 2 ny1 7Ž . Ž . Ž .
q 2 2 n y 17 z 2 ny1 8 y 2 2 n y 19 z 2 ny2 0 q 2 2 n y 20 z 2 ny2 1Ž . Ž . Ž .
y 2 2 n y 21 z 2 ny2 2 q 2 2 n y 23 z 2 ny2 4 y 2 2 n y 25 z 2 ny2 6Ž . Ž . Ž .
q 2 2 n y 27 z 2 ny2 8 y 2 2 n y 28 z 2 ny2 9 q 2 2 n y 29 z 2 ny3 0Ž . Ž . Ž .
n ny1n 2 y32 n n ny1 2y 2 2 y 31 z q ??? 2 2 y 2 y 2 y 1 zŽ . Ž .
ny 1n n ny1 2 y2q 2 2 y 2 y 2 q 1 z y ???Ž .
n n 2 n ny 2 2 y 2 y 3 z q 2 2 y 2 y 1 . 9Ž . Ž . Ž .
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If n is odd, then
f X e, z s ye2 nz 2 ny1 q 2 2 n y 1 z 2 ny2 y 2 2 n y 3 z 2 ny4Ž . Ž . Ž .n
n ny1n 2 y5 n n ny1 2q 2 2 y 4 z q ??? y2 2 y 2 y 2 y 1 zŽ . Ž .
ny 1n n ny1 2 y1 n n 2q 2 2 y 2 y 2 z y ??? y2 2 y 2 y 3 zŽ . Ž .
n nq 2 2 y 2 y 1 . 10Ž . Ž .
XŽ .We now split f e, z into three parts as follows:n
f X e, z s g1 e, z q g 2 e, z q h z . 11Ž . Ž . Ž . Ž . Ž .n n n n
For n even,
g1 e, z s e2 nz 2 ny1 y 2 ? 2 nz 2 ny2 q 2 ? 2 nz 2 ny4 y 2 ? 2 nz 2 ny5Ž .n
q ??? y2 ? 2 nz 2 ny 1
s y2 nz 2 ny 1y1 yez2 ny 1 q 2 z 2 ny 1y1 y 2 z 2 ny 1y3 q 2 z 2 ny 1y4
y ??? q2 z y x q x 4c c
s y2 nz 2 ny 1y1 f x , e, z q x , 4Ž .ny1 c c
g 2 e, z s 2 n 2 z 2 ny 1y2 y 2 z 2 ny 1y4 q ??? y2 z 2 q 2 4Ž .n
s 2 nzy1 ez 2 ny 1 y ez 2 ny 1 q 2 z 2 ny 1y1 y 2 z 2 ny 1y3
q ??? y2 z 3 q 2 z y x q x 4c c
s 2 nzy1 ez 2 ny 1 q f x , e, z q x ,Ž . 4ny1 c c
Ž . Ž . Ž .and h is given in 13 and 14 below. Then, noting that f x , e, zn ny1 c ny1
s 0,
g1 e, z q g 2 e, z s 2 n z 2 ny 1y1 e y x q x zy1 .Ž . Ž . Ž . 4n ny1 n ny1 ny1 c c ny1
Because z ) 1, we haveny1
g1 e, z q g 2 e, z 2 n e y x 2 n xŽ . Ž . Ž .n ny1 n ny1 c c
lim s lim q s 0.n nny12 2 q12 q1ž /n“‘ n“‘z zzny1 ny1ny1
12Ž .
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For n odd,
g1 e, z s 2 n yz 2 ny 1y1 f x , e, z q x ,Ž . Ž .Ž . 4n ny1 c c
g 2 e, z s 2 nzy1 z 2 ny 1 2 y e q f x , e, z q x ,Ž . Ž . Ž . 4n ny1 c c
g1 e, z q g 2 e, z s 2 n z 2 ny 1y1 2 y e y x q x zy1 ,Ž . Ž . Ž . 4n ny1 n ny1 ny1 c c ny1
Ž .and we also get 12 .
Ž .From 11 we note that
h z s f X e, z y g1 e, z y g 2 e, zŽ . Ž . Ž . Ž .n n n n
and so it follows that, for even n,
h z s 2 z 2 y 3 z 2 ny4 q 4 z y 5 z 2 ny6 q 7z 2 y 9 z 2 ny1 0Ž . Ž . Ž . Ž .n
q 11 z y 12 z 2 ny1 3 q 13 z 2 y 15 z 2 ny1 6 q 16 z y 17 z 2 ny1 8Ž . Ž . Ž .
q 19 z y 20 z 2 ny2 1 q 21 z 2 y 23 z 2 ny2 4 q 25z 2 y 27 z 2 ny2 8Ž . Ž . Ž .
q 28 z y 29 z 2 ny3 0 q ??? q 2 n y 3 z 2 y 2 n y 1 . 13Ž . Ž . Ž . Ž .4Ž .
For odd n, we have
h z s 2 y z 2 y 3 z 2 ny4 y 4 z y 5 z 2 ny6 y 7z 2 y 9 z 2 ny1 0 y ???Ž . Ž . Ž . Ž .n
n n 2 ny 2 y 4 z y 2 y 3 z y 2 y 1 . 14Ž . Ž . Ž . Ž .4
Again, the signs of the variable quantities change and the constant term
remains unchanged.
Ž .Note that the general term of h z is of the formn
n nbya 2 yŽbq1.y1 2 az y b z ,Ž . Ž .
where b y a s 1 or 2. Then we can find an upper bound for K ’n
< Ž . 2 n <h z rz :n ny1 ny1
2 n
n nbya 2 yŽbq1. 2K F 2 az y b z zŽ .Ýn ny1 ny1 ny1ž /
bq1s4
2 n
2 bq1- 2 z q 1 brzŽ .Ý ny1 ny1
bq1s4
‘
2 bq1- 2 4re q 1 brz - ‘,Ž . Ý ny1
bq1s4
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because 2re ) z s lre ) 1. This inequality obviously gives an upper
bound for K , which depends on e, but is independent of n. Finally, usingn
Ž . Ž . Ž . Ž .11 and 12 , we get an upper bound C e for B e , and the proof of1 n
Lemma 1 is complete.
Ž .3. STRUCTURE OF THE POLYNOMIALS h zn
The proof of the upper bound lemma given in the last section is
somewhat long and complicated, but it is straightforward and not difficult.
The difficulty in the general problem of this paper is to find a positive
Ž . Ž .lower bound C e for B e , where2
< X <f e, z eŽ .Ž .n ny1
B e ’ , 15Ž . Ž .n2z eŽ .ny1
w xfor any e - 1. The authors of 20 struggled to obtain accurate estimates,
but were not successful in getting a satisfactory lower bound and remained
'Ž .limited to e - 2 3 y 1 r3 s 0.821 . . . . Their goal had been to obtain
e - 1. The main purpose of this paper is to improve the estimate of the
lower bound so as to obtain the quadratic convergence theorem for e - 1.
In this and the next section we will give a new approach to obtaining an
Ž . Ž .estimate for B e for any e - 1 and we discuss the polynomial h z givenn n
Ž . Ž . Ž .in 13 and 14 in detail. We note that h z consists of two types ofn
Ž 2 Ž .. 2 nyŽ mq3. Ž Ž .. 2 nyŽ mq2.terms: 2 mz y m q 2 z and 2 mz y m q 1 z . The
former is called a Q-type term and the latter an L-type term. Also we note
the sequence of integers, disregarding the sign, appearing inside the
brackets, and counting the integer a in the quantity z 2
nya : 1, 3, 4, 4, 5, 6, 7,
9, 10, 11, 12, 13, 13, 15, 16, 16, 17, 18, 19, 20, 21, 21, 23, 24, 25, 27, 28, 28,
29, . . . . In the case of a coefficient linear in z, the constant term is one
more than the coefficient of z.
For the quadratic in z terms, the constant term is two more than the
coefficient of z 2. In both cases the integer a always is one more than the
constant in the previous brackets. With two exceptions, the integer se-
quence is monotonically strictly increasing and runs through all integers.
The first exception is in the quadratic coefficient mentioned above where
the constant term is two more than the coefficient of z 2. The second
exception is the case where the coefficient of z or z 2 is the same as the
integer a in the previous power of z of the form z 2
nya . The maximum
Ž .difference of two a's of any two adjacent terms in h z is 4, and then
Ž .minimum is 2. That this pattern holds throughout the polynomial h z isn
determined by the structural features of the harmonics of R and can be
XŽ . Ž .observed in the process of getting the expressions of f e, z and h z .n n
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We now state some lemmas underlying the proof of the lower bound
lemma in the next section.
Ž .LEMMA 2. For n e¤en, h z is a strictly increasing function of z ) 0 andn
Ž .for n ) 1 odd, h z is a strictly decreasing function of z ) 0.n
Proof. This is because the coefficients of positive powers of z are all
positive for n even.
LEMMA 3. Suppose n is e¤en. If for a ¤alue of z ) 1, say zU , some term of
Ž U . Ž U .h z is positi¤e, then all of the following terms in h z are positi¤e.n n
Further, the minimum ¤alue of z ) 1 for which a gi¤en term is positi¤e strictly
decreases to 1 as the index of the term increases. Those ¤alues are ne¤er 1.
Proof. Suppose two L-type terms are adjacent. Without loss of general-
ity, these terms can be assumed to have the form
mz y m q 1 z 2 nyŽ mq2. q m q 2 z y m q 3 z 2 nyŽ mq4. .Ž . Ž . Ž .Ž . Ž .
Ž . Ž . Ž .Because m q 1 rm ) m q 3 r m q 2 , both terms are positive if and
Ž .only if z ) m q 1 rm.
Similarly, suppose two Q-type terms are adjacent:
mz2 y m q 2 z 2 nyŽ mq3. q m q 3 z 2 y m q 5 z 2 nyŽ mq6. .Ž . Ž . Ž .Ž . Ž .
' 'Because m q 2 rm ) m q 5 m q 3 , both terms are positive ifŽ . Ž . Ž .
'and only if z ) m q 2 rm .Ž .
Suppose a Q-type term follows an L-type term:
mz y m q 1 z 2 nyŽ mq2. q m q a z 2 y m q a q 2 z 2 nyŽ mqaq3. .Ž . Ž . Ž .Ž . Ž .
Here a is either 2 or 3. Without loss of generality we assume a s 2. Then
2Ž . Ž . Ž .'m q 1 rm ) m q 4 r m q 2 is implied by m q 1 m q 2 )Ž . Ž .
2Ž . 3 2 3 2m m q 4 or m q 4m q 5m q 2 ) m q 4m or 5m q 2 ) 0. So, if
Ž .m ) 0, then both terms are positive if and only if z ) m q 1 rm.
Finally, suppose an L-type term follows a Q-type term:
mz2 y m q 2 z 2 nyŽ mq3. q m q 3 z y m q 4 z 2 nyŽ mq5. .Ž . Ž . Ž .Ž .Ž .
2Ž . Ž . Ž .Ž .'Then m q 2 rm ) m q 4 r m q 3 is implied by m q 2 m q 3Ž .
Ž .2 3 2 3 2) m m q 4 or m q 8m q 21m q 18 ) m q 8m q 16m or 5m q
18 ) 0. So if m ) 0, both terms are positive if and only if z
') m q 2 rm .Ž .
Combining the four cases above it follows that the minimum values of
Ž .z ) 1 for which the separate terms of h z are positive strictly decrease asn
the term number increases. It is obvious that the minimum such values of
z approach 1 but are never equal to 1. The proof of Lemma 3 is complete.
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LEMMA 4. Suppose n is e¤en. For a gi¤en z ) 1 and for n large enough,
Ž .there exists a positi¤e integer k such that the sum of the first k terms of h z isn
positi¤e.
Proof. For a given z ) 1, there is a positive integer p such that
Ž . Ž .z ) p q 1 rp. If n is large enough then there must be a term in h z ofn
Ž Ž .. 2 nyŽ mq2.the form mz y m q 1 z with m G p. Suppose that this term is
Ž .the lth term of h z . Because l is independent of n, we also choose n son
n Ž .that 2 G 4 l q 2. If the sum of the first l y 1 terms of h z is positive, wen
Ž .are done. Suppose the sum of the first l y 1 terms of h z is a negativen
number A. By Lemma 3, after the l y 1 term, every term is positive. We
Ž . Ž .now consider the value of each term after the l y 1 st term in h z . Forn
Ž .this purpose, let q s z y m q 1 rm. Then q is a positive constant and
Ž .z s q q m q 1 rm. Thus, the positive value of the lth term is
n n2 yŽmq2. 2 yŽmq2.m q q m q 1 rm y m q 1 z s mqz .Ž . Ž .Ž .
Ž .If the l q 1 st term is of L-type, e.g.,
n2 yŽmq4.m q 2 z y m q 3 zŽ . Ž .
or
n2 yŽmq5.m q 3 z y m q 4 z ,Ž . Ž .
then
m q 2 q q m q 1 rm y m q 3Ž . Ž . Ž .Ž .
s m q 2 q q 2rm ) m q 2 qŽ . Ž .
Ž . Žimplies that the value of the l q 1 st term is greater than m q
. 2 nyŽ mq5. Ž .2 qz . if the l q 1 st term is of Q-type, e.g.,
n2 2 yŽmq5.m q 2 z y m q 4 zŽ . Ž .
or
n2 2 yŽmq6.m q 3 z y m q 5 z ,Ž . Ž .
then
2m q 2 q q m q 1 rm y m q 4Ž . Ž . Ž .Ž .
s m q 2 q2 q 2 m q 2 m q 1 qrm q 5rm q 2rm2Ž . Ž . Ž .
) m q 2 qŽ .
Ž . Žimplies that the value of the l q 1 st term is greater than m q
. 2 nyŽ mq6. Ž .2 qz . In short, the positive value of the l q 1 st term is greater
than
m q 2 qz2 nyŽ mq6. .Ž .
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Ž .Inductively, assume the value of the l q s th term is greater than
m q 2 s qz2 nyŽ mq2q4 s. .Ž .
Ž .If the l q s q 1 st term is an L-type term, then its parentheses part may
wŽ . Ž .xbe assumed to be of the form m q 2 s q 2 z y m q 2 s q 3 because,
Ž . w Ž .x wŽ . Žfor a ) m q 2 s q 2 and z ) 1, az q a q 1 ) m q 2 s q 2 z y m
.x Ž .q 2 s q 3 , and the other part of the l q s q 1 st term may be assumed
2 nyŽ mq5q4 s. Ž . Žto be z . So the value of the l q s q 1 st term which is of
.L-type is greater than
n2 yŽmq5q4 s.m q 2 s q 2 q q m q 1 rm y m q 2 s q 3 zŽ . Ž . Ž .Ž .
n2 yŽmq5q4 s.s m q 2 s q 2 q q 2 s q 2 rm zŽ . Ž .
) m q 2 s q 1 qz2 nyŽ mq5q4 s. .Ž .Ž .
Ž .Similarly, if the l q s q 1 st term is of Q-type, the value is greater than
n2 2 yŽmq6q4 s.m q 2 s q 2 q q m q 1 rm y m q 2 s q 4 zŽ . Ž . Ž .Ž .
2s m q 2 s q 2 q q 2 m q 2 s q 2 m q 1 qrmŽ . Ž . Ž .
n2 2 yŽmq6q4 s.q2 2 s q 2 rm q m q 2 s q 2 rm zŽ . Ž .
) m q 2 s q 2 qz2 nyŽ mq6q4 s. .Ž .
Ž .In short, the value of the l q s q 1 st term is greater than
m q 2 s q 1 qz2 nyŽ mq2q4Ž sq1.. .Ž .Ž .
Ž .Thus, the sum of the value from the lth term to the l q s th term is
greater than
n2 yŽmq2q4 s.mq q m q 2 q q ??? q m q 2 s q zŽ . Ž .
s m q s s q 1 qz2 nyŽ mq2q4 s. .Ž . Ž .
If the chosen n is large enough such that s can be taken so that
Ž .Ž . < <m q s s q 1 q ) A , then we are done. Otherwise, let n be increased to
n q r. Then the negative constant A has to be increased as
z 2
r
A.
Ž .Note that the number of terms of h z will be doubled as n increases ton
n q 1 because of period doubling. So, when n “ n q r, s can be taken to
Ž r .be equal to 2 y 1 l.
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We need
2 nq ryŽ mq2q4 s. 2 r < <m q s s q 1 qz ) z AŽ . Ž .
or
2 nq r 2 rqŽ mq2q4 s. < < 2
rqŽ mq2q4Ž2 ry1 . l . < <m q s s q 1 qz ) z A s z A .Ž . Ž .
We only need
2 r 2 rn n r22 2 r 2 Ž4 lq1.2 qmq2y4 l < <s q z s 2 y 1 l q z ) z A .Ž . Ž . Ž .Ž .
ŽŽ r . .2 < <So, for this purpose, we can choose r so that 2 y 1 l q ) A and
r n n r Ž . r Ž . r2 ) m q 2, because 2 G 4 l q 2 and 2 2 G 4 l q 2 2 ) 4 l q 1 2 q
Ž .m q 2 .
Therefore we can take k in Lemma 4 to be equal to l q s s 2 r l, and the
Ž . Ž .h z in Lemma 4 is in fact h z here.n nqr
Further, we get
2 nq ryŽ mq2q4 s.y2 r < <m q s s q 1 qz ) A ,Ž . Ž .
2 < <and so, noting that s q ) A ,
nq r2 yd< <m q s s q 1 q y A z ) 0,Ž . Ž .
rwith d s 2 q 4 s q m q 2, and the proof of Lemma 4 is finished.
Ž .We conclude the section with a property of the root z e of a trapezoidn
Ž .polynomial f e, z .n
Ž . Ž .LEMMA 5. If e 0 - e - 1 is fixed, then z e increases as n increases.n
Ž . Ž .z e ) 1 for any n and for any e 0 - e - 1 .n
Proof. The first half is well known as the property of harmonics
w xmentioned in the proof of Lemma 3.1 in 20 . The last half is from
Ž . w Ž .1r2 x w xz e s 1 q 1 y e re ) 1. Table I 2, p. 7 exhibits more information1
about this lemma.
Ž .We ignore the situation with h z for n odd because the only differ-n
Ž .ence between odd and even n in h z is in the sign of the terms havingn
< Ž . <the variable z and only h z enters into the argument given in the lowern
bound lemma in the next section.
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4. LOWER BOUND LEMMA
Ž .LEMMA 6 Lower Bound Lemma . For any e - 1, there exists a positi¤e
Ž .lower bound C e such that, for n sufficiently large,2
Xf e, z eŽ .Ž .n ny1
C e - B e ’ .Ž . Ž . n2 n 2z eŽ .ny1
Ž . Ž . ŽProof. For a given e: 0 - e - 1, by Lemma 5, z e ) z e s 1ny1 1
' .q 1 y e re ) 1. By Lemma 4 there must be a positive integer k such
Ž Ž .. Ž Ž Ž ..that the sum of the first k terms of h z e and of h z e byn 1 n ny1
. Ž Ž .. Ž Ž Ž ...Lemma 2 is positive. Denoting the sum by S z e and by S z e ,k 1 k ny1
Ž Ž ..it follows from Lemma 3 that the remainders of terms in h z e and son 1
Ž Ž ..in h z e are all positive. We thus haven ny1
n2 ydh z e ) S z e ) A q m q s s q 1 q z ) 0,Ž . Ž . Ž . Ž .Ž . Ž .n ny1 k ny1 ny1
where A, q, s, m, d, and r are defined in the proof of Lemma 4 above.
dŽ . w Ž .Ž . x Ž . < Ž Ž .. <If we set C e s A q m q s s q 1 q r 2re , then h z e r2 n ny1
n2 Ž . Ž .z e ) C e because z s l re - 2re for n s 1, 2, . . . . Now putny1 2 n n
1Ž . Ž .C e s C . Then 12 implies that, for n sufficiently large,2 22
n1 2 2g e, z q g e, z rz - C e .Ž . Ž . Ž .n ny1 n ny1 ny1 2
Ž . Ž XŽ . 1Ž . 2Ž .Therefore, by 11 i.e., f e, z s g e, z q g e, z qn ny1 n ny1 n ny1
Ž ..h z , we haven ny1
X 1 2f e, z h z e g e, z q g e, zŽ . Ž . Ž . Ž .Ž .ny1 n ny1 n ny1 n ny1
B e s G yŽ . n n nn 2 2 2z z zny1 ny1 ny1
1 1
) C e y C e s C e s C e ,Ž . Ž . Ž . Ž .2 2 2 22 2
for n sufficiently large, and the proof of the Lower Bound Lemma is
complete.
Ž .THEOREM 2 Quadratic Convergence Theorem . For any e - 1, the
 Ž .4‘parameter sequence l x , e corresponding to period doubling for a familyn c 1
 Ž . 4of isosceles trapezoid maps lg x : 1 - l - 2 is quadratically con¤ergent.e
Proof. From the Lower Bound Lemma and the previous Upper Bound
w xLemma we examine the proof of Theorem 4.0 in 20 . In the proof of that
theorem, choose r s 1 and e s e s e. The end of the proof asserts1 2
quadratic convergence and this gives the above theorem.
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In a little more detail, on the last part of the proof, put
D s z 2 n .n n
It follows from the upper bound lemma and the lower bound lemma that
Ž . Ž .there exist positive constants c e and c e such that3 4
c e c eŽ . Ž .3 4
- z y z - , 16Ž .n ny1D Dny1 ny1
for n sufficiently large. So we can write z y z s W rD withn ny1 n ny1
Ž . Ž . Ž .c e - W - c e . The proof of 16 is exactly the same, even to notation,3 n 4
Ž . w xas the proof of Eq. 4.10 in 20 , except that now e s e s e and r s 1.1 2
w xThis proof starts just after the statement of Theorem 4.0 2, p. 218 .
Ž .Then, denoting l x , e by l and noting that W rW is bounded asj c j nq1 n
n “ ‘ and that 0 - lim z s z - ‘, we haven“‘ n ‘
log l y l r l y l 4Ž . Ž .nq1 n nq2 nq1
lim
log l y l r l y ln“‘  4Ž . Ž .n ny1 nq1 n
log z y z r z y z 4Ž . Ž .nq1 n nq2 nq1s lim
log z y z r z y zn“‘  4Ž . Ž .n ny1 nq1 n
log W rW q 2 n 2 log z y log zŽ . Ž .nq1 nq2 nq1 ns lim ny1log W rW q 2 2 log z y log zn“‘ Ž . Ž .n nq1 n nq1
2 n 2 log z y log zŽ .nq1 ns lim ny12 2 log z y log zn“‘ Ž .n ny1
s 2. 17Ž .
Noting that
2 nl y l e z y z 1 W zŽ . ny 1nq1 n nq1 n nq1 ny1 Ž py2.2s s z ,p p ny1p pp ž /e W zl y l e z y zŽ . Ž . n nn ny1 n ny1
we can get
l y l 0, if p - 2,nq1 n
lim s 18Ž .p ½ ‘, if p ) 2,n“‘ l y lŽ .n ny1
Ž . Ž .2and l y l r l y l is bounded as n “ ‘. Hence l y l -nq1 n n ny1 nq1 n
Ž .2  Ž .4C l y l for some C ) 0; that is to say, l x , e is quadraticallyn ny1 n c
convergent. This completes the proof of the theorem.
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5. NONISOSCELES TRAPEZOID MAPS
We can get a stronger result than the Beyer]Stein conjecture; that is,
the conclusion of the quadratic convergence theorem holds for families of
 Ž . 4 Ž .nonisosceles trapezoid maps lg x for 1 - l - 2 . g x is definede , e e , e1 2 1 2
as follows:
w x¡xre , x g 0, e ,1 1~ w x1, x g e , 2 y e ,g x sŽ . 1 2e , e1 2 ¢ w x2 y x re , x g 2 y e , 2 ,Ž . 2 2
w xfor any e and e satisfying 0 - e , e - 2, e q e - 2. See Fig. 1 of 20 .1 2 1 2 1 2
In this case, r s e re , z s lre . For n even,1 2 1
h r ; z s 2 rz 2 y 3 r n Žn.y1z 2 ny4 q 4 rz y 5 r n Žn.y3z 2 ny6Ž . Ž . Ž .n
q 7rz 2 y 9 r n Žn.y5z 2 ny1 0 q 11rz y 12 r n Žn.y7z 2 ny1 3 q ???Ž . Ž .
n 2 nq 2 y 3 rz y 2 y 1 rŽ . Ž . 4
with
2 nq1 y 2
n n s .Ž .
3
For odd n, we have
h r ; z s 2 y rz 2 y 3 r n Žn.y1z 2 ny4 y 4 rz y 5 r n Žn.y3z 2 ny6Ž . Ž . Ž .n
y 7rz 2 y 9 r n Žn.y5z 2 ny1 0 y 11rz y 12 r n Žn.y7z 2 ny1 3 y ???Ž . Ž .
n n 2 2 ny 2 y 4 rz y 2 y 3 r z y 2 y 1 rŽ . Ž . Ž . 4
with
2 nq1 y 1
n n s .Ž .
3
Again, the distinction between odd and even n is that the signs of the
variable in z quantities are changed and the constant term sign is un-
w xchanged. See 20, p. 215 . The power of r is less than that of z in each
term for large n.
Ž .It is not difficult to check that Lemmas 2 through 5 hold for h r ; z andn
Ž . Ž . Ž . Ž .z x , e , r s l x , e , r re instead of h z and z e . A few smalln c 1 n c 1 1 n n
modifications are needed for the statement of Lemma 3 and the beginning
of the proof of Lemma 4. Lemma 3 must be modified as follows, and its
proof is easier than that of Lemma 3.
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Ž .LEMMA 7 Lemma 3 for nonisosceles trapezoid maps . If for z ) 1, say
U Ž . Ž U .z , some L term Q term of h r ; z is positi¤e, then all of the following Ln
Ž . Ž U .terms Q terms in h r ; z are positi¤e. Further, the minimum ¤alue ofn
Ž .z ) 1 for which a gi¤en L term Q term is positi¤e strictly decreases as the
index of the term increases.
Ž .LEMMA 8 Lemma 4 for nonisosceles trapezoid maps . For a gi¤en
z ) 1, and for n large enough, there exists k such that the sum of the first k
Ž .terms of h r ; z is positi¤e.n
The proof of Lemma 8 can be divided into two cases as follows: In the
case r ) 1, it is easy from Lemmas 3 and 7 to see that, for a given z ) 1,
Ž . Ž .there must be a positive term in h 1; z s h z , say, the lth term, suchn n
Ž . Ž .that all the terms after the l y 1 st term of h 1; z are even moren
positive. Then considering the positive values of all the terms after the
Ž .l y 1 st term, we only need to put r s 1 in these terms, and then the part
Ž . Ž . Ž .after the l y 1 st of h 1; z will be the same as that of h z shown asn n
Ž . Ž .13 or 14 . Then we can repeat the rest of the proof for Lemma 4. In the
Ž .case of r - 1, noting the important fact that rz ) 1 i s 1, 2, . . . byi
w x 2 Ž . Ž .2 Ž .Lemma 1 of 20 and that mrz y m q 2 ) m rz y m q 2 ) 0 for
Ž .large enough m, there must be an lth term in h r ; z such that all then
Ž . Ž . Ž .terms after the l y 1 st term of h r ; z are positive use Lemma 7 . Thenn
Ž .considering the positive values of all the terms after the l y 1 st term of
Ž .h r ; z , we increase the exponent on r so that the exponent is equal ton
that of z in each of these terms. We then replace rz by z. Then the partÄ
Ž . Ž . Ž . Ž .after the l y 1 st term of h r ; z will be same as that of h z in 14 orn n
Ž .13 with z replaced by z. Then we can repeat the rest of the proof forÄ
Lemma 4 to finish our proof.
From Lemma 8, we find that the result of the lower bound lemma is true
also for the nonisoceles cases:
Ž .LEMMA 9 Lower Bound Lemma for nonisosceles trapezoid maps . For
e and e satisfying 0 - e , e - 2, e q e - 2, there exists a positi¤e lower1 2 1 2 1 2
Ž .bound C e , e such that, for n sufficiently large,2 1 2
Xf x , e , r ; z x , e , rŽ .Ž .n c 1 ny1 c 1
C e , e - .Ž . n2 1 2 n Žn. 2r z x , e , rŽ .ny1 c 1
The formulae for f X for even and odd n are the same as those given inn
w Ž . Ž .x20, 3.1 and 3.2 .
w xWe also need an upper bound lemma. It is just Lemma 3.3 in 20 and
we repeat it here for completeness.
Ž .LEMMA 10 Upper Bound Lemma for nonisosceles trapezoid maps .
Ž .There exists a positi¤e upper bound C e , e independent of n but depending1 1 2
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on e and e , such that1 2
Xf x , e , r ; z x , e , rŽ .Ž .n c 1 ny1 c 1
- C e , e .Ž .n 1 1 2n Žn. 2r z x , e , rŽ .ny1 c 1
So the Beyer]Stein conjecture not only is correct, but also can be
generalized to any family of nonisosceles trapezoid maps. In other words,
from Lemmas 9 and 10 we need only to repeat the proof of Theorem 4.0 in
w x20 , and then a very general result can be obtained:
ŽTHEOREM 3 Quadratic convergence theorem for nonisosceles trapezoid
.maps . For any e and e satisfying 0 - e , e - 2, e q e - 2, the param-1 2 1 2 1 2
 Ž .4‘eter sequence l x , e , r corresponding to period doubling for a family ofn c 1 1
 Ž . 4nonisosceles trapezoid maps lg x : 1 - l - 2 is quadratically con¤er-e , e1 2
gent.
APPENDIX A: GROWTH OF PERIOD DOUBLING
< < 2 NROUTES TO CHAOS FOR 1 y const x
In this appendix we review work on the linear growth rate of the
parameter involved in period doubling to chaos where the function being
iterated has the form
< < 2 N1 y const x 19Ž .
with a positive constant multiplier. We are interested in large N.
w xThis discussion follows Eckmann and Wittwer 7 and Eckmann and
w xEpstein 8 . Consider the one-parameter family of maps
< < rm “ 1 y m x 20Ž .
w x w xwith r a fixed positive integer, m g 0, 2 , and x g y1, 1 . For a fixed r,
there is a sequence of values of mr , m s 1, 2, . . . , that are bifurcationm
values for period doubling from period m y 1 to period m and have a
limit mr as m “ ‘. This property is universal in a certain class of‘
Ž .functions that are like 19 in a neighborhood of x s 0. It has been shown
that, for large m, mr y mr is asymptotically proportional to‘ m
const dym , 21Ž .r
where d is a constant depending only on r. Computer and renormaliza-r
tion group calculations seemed to indicate that lim d s ‘.r “‘ r
w xNevertheless, Eckmann and Wittwer conjectured 7 and Eckmann and
w x Ž .Epstein 8 proved personal communication 3r10r97 that lim d s dr “‘ r ‘
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with d finite. Eckmann and Epstein show that‘
29.5128 - d - 29.957112. 22Ž .‘
This shows that the reason for the quadratic convergence in period
doubling of the trapezoid mapping is not that it is ``flat'' at the critical
point, but that it is flat in a neighborhood of the critical point. It would be
good to find a smooth transition in period doubling behavior from the
ŽŽ . .quadratic function 19 with N s 1 to the trapezoid mapping, but this has
not been found.
APPENDIX B: PERIOD DOUBLING WITH THE
EXPONENTIAL FUNCTION
w xThe last section of 2 investigates what we will call the exponential
function:
2l 1 y e1y1rŽ1yx .2 , 0 F x F 2, x / 1,Ž .F l, x sŽ . ½ 2l, x s 1.
where
0 - l - 1.
This function satisfies the conditions
F l, 0 s 0,Ž .
F l, 2 s 0,Ž .
F l, x ) 0, for x - 1,Ž .x
F l, x - 0, for x ) 1,Ž .x
F k l, 1 s 0, for each k-derivative.Ž .x
Ž .Thus F l, x is similar to the functions investigated by Eckmann, Wittner,
and Epstein, except that for the exponential function all derivatives are
zero at the critical point.
Ž .Let l be the smallest value of l such that F l, x , when iterated nn
nŽ .times starting with x s 1 satisfies F l, 1 s 1 and for no r - n is
rŽ . w x w xF l, 1 s 1. Table I is taken from 2 . The last paragraph in 2 is
somewhat muddled and for that reason we are repeating here the last
section in that paper in order to give a different interpretation. We
conjecture here that if the calculations given in Table I are continued, the
ŽFeigenbaum ratio will converge to a number in the interval 29.5128,
. w x Ž .29.957112 , as given in Eckmann and Epstein 8 . See 22 above.
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TABLE I
Feigenbaum Ratios as a Function of the Bifurcation Parameter ln
for the Exponential Function
Ž . Ž .n l l y l r l y ln ny1 ny2 n ny1
1 0.866585
2 0.939242
3 0.945983 10.78
4 0.946422 15.35
5 0.946445 19.10
6 0.946446 22.03
7 0.946446 24.30
8 0.946446 25.68
APPENDIX C: THE TRAPEZOIDAL MAP OF
BORCHERDS AND McCAULEY
In this appendix we review the trapezoidal map of Borcherds and
w xMcCauley 4 and prove quadratic convergence of the parameter values
corresponding to harmonics of R for this map. The parameter in their map
differs from the two parameters in the principal map discussed in this
paper.
First we need to correct misprints in their paper. Without these correc-
tions part of the paper may be difficult to understand. The second line of
Ž .Eq. 2 of their paper should read
s 2 y 2j 1r2 F j F 1 .Ž .n n
Ž .The third line of Eq. 3 should read
s 2 y 2 x 1 y hr2 F x F 1 .Ž .n n
Ž .The second line of Eq. 4 should read
s 2 B y X Br2 F X F B .Ž . Ž .n n
Ž . Ž . J 2 JIn Eqs. 9 and 10 , 4 should be replaced by 2 in three places. This
correction is not obvious and is important. The definition of a normal
number in the footnote on p. 461 is incomplete. It should be added that to
be normal, all blocks of digits should be equidistributed. On p. 461, there
may be some confusion about what is called the Thue]Morse constant. At
least one author calls it twice what Borcherds and McCauley call it. It is
merely a question of whether the binary point is put before the first zero
or before the first one. Dekking puts the binary point before the first one.
We will follow Borcherds and McCauley and assume it is before the first
zero.
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The trapezoid map of Borcherds and McCauley has the form
w x¡2 x , x g 0, hr2 ,
~h , x g hr2, 1 y hr2 ,Ž .B x s 23Ž . Ž .h ¢ w x2 1 y x , x g 1 y hr2, 1 .Ž .
The family of two-parameter trapezoid maps given in the Introduction
differs from the Borcherds]McCauley map in that the latter map is a
w xone-parameter family and is defined on the interval 0, 1 . To compare
these two different families, we rewrite the Beyer]Stein two-parameter
w xfamily as a family on 0, 1 :
l¡ wx , x g 0, e ,.
e~ w xl, x g e, 1 y e ,S x s 24Ž . Ž .l, e
l
x1 y x , x g 1 y e, 1 .Ž . Ž¢e
Ž .To relate B x to S we can choose l s h and e s hr2. So as hh l, e
Ž .varies, l and e also vary. But in the Beyer]Stein map given in 24 above,
e is assumed to be fixed and only l varies.
We return to the Borcherds]McCauley map. Following Metropolis et al.
w x14 , we consider the sequence of values of h, say h , that define thei
Ž .succession of bifurcation values of h yielding for the mapping B x theh
harmonics
R , RLR , RLRRRLR, . . . . 25Ž .
The calculation of the kth term of the harmonic corresponding to period
n w x2 is given in Schroeder 17, p. 279 . It is an easy construction. Write
k s 2 q j for j odd. If q is even, then the k th term is R; else it is L.
Borcherds and McCauley call this sequence the primary period doubling
sequence. For period N s 1, h s 1 y 1r4 and, for period N ) 1,1
Ny11 1
h s 1 y 1 y . 26Ž .Ł JN 2ž /4 2Js1
This formula seems to be correct and a proof would be useful. That
lim h exists and is finite follows from the convergence of Ý‘ 1r22 J,N “‘ N Js1
as in the theory of infinite products.
w xIt is shown in Dekking 5 that
‘ 1
1 y s 4 1 y 2 e . 27Ž . Ž .Ł J ‘2ž /2Js1
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where e s .01101001100101101 . . . in binary as is the Thue]Morse con-‘
stant. So
h s 2 e . 28Ž .‘ ‘
w xThe values of h as given in Table 4 of 4 are related to the partialN
decimals of the Thue]Morse constant e s 0.4124 . . . as defined in‘
w xDekking 5 , where that constant is proved to be transcendental. As is
w xdiscussed in Schroeder 17, p. 278]279 , the Thue]Morse constant is
Ž .related to the harmonics of R given in 25 .
The sequence of binary digits of the Thue]Morse constant is called the
Thue]Morse sequence. Historically, the Thue]Morse sequence came be-
fore the Thue]Morse constant.
It is worthwhile to list five earlier definitions of that sequence. We
denote the sequence by x , i s 0, 1, 2, . . . .i
v w xProuhet 16 integer parity: Write the sequence of parities of the
Žsequence of nonnegative integers in base 2. Prouhet's base 10 merely
.needs to be changed to base 2. I thank M. Mendes-France for this
reference.
v w xDekking 5 : x s 0, x s x , x s 1 y x , for n F 1.0 2 n n 2 ny1 n
v w x n n nq1Thue 10 : x s 0, x s 1, x , x , . . . , x is obtained from0 1 2 2 q1 2 y1
x , x , . . . , x n by interchanging 0 and 1. This can also be called ``append-0 1 2 y1
ing the complement.''
v w xSchroeder 17 : Starting with the sequence ``0,'' iterate the mapping
0 “ 01 and 1 “ 10.
v w x Ž .Morse 15 : Define a s 0, b s 1, a s a b juxtaposition , b s0 0 1 0 0 1
b a , . . . , a s a b , b s b a . Then x , x , . . . , x n are the 2 n0 0 nq1 n n nq1 n n 0 1 2 y1
integers of a .n
v w xBorcherds and McCauley 4 : To obtain a relation between the
Ž .harmonics of R for the Borcherds]McCauley map B x , we use inverseh
mapping functions whose utility has been demonstrated by Louck and
w xMetropolis 13 . In this subparagraph, x denotes a general independent
variable and is not the variable for the Thue]Morse sequence. Let
R x s 2 x , 29Ž . Ž .
L x s 2 1 y x . 30Ž . Ž . Ž .
Then
1
y1R x s x , 31Ž . Ž .
2
x
y1L x s 1 y . 32Ž . Ž .
2
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Ž . Ž .Let R k denote the kth harmonic of R. For example, R 3 s RLRRRLR.
Put
1R k s 33Ž . Ž .2
and
1ykx s R . 34Ž .Ž .k 2
For example,
1y1 y1 y1 y1 y1 y1 y1x s R L R R R L R . 35Ž .Ž .3 2
Then the binary expansion of lim x is the Thue]Morse sequence.k “‘ k
We now prove quadratic convergence of h as N “ ‘. More particu-N
larly, we prove that
h y h 4 1Nq1 N
lim s s s 5.7112 . . . .J2 ‘ 2 1 y 2 eN“‘ Ł 1 y 1r2h y hŽ . ‘Ž .Js1N Ny1
36Ž .
Ž .On using 26 in
h y hNq1 N
,2h y hŽ .N Ny1
we obtain, after some work,
h y h 4 1 y 1r22 Ny 1Ž .Nq1 N s .J2 Ny2 2Ł 1 y 1r2h y hŽ . Ž .Js1N Ny1
Ž . Ž .This gives the first equality in 36 . The second equality follows from 27 .
Ž .This completes the proof of 36 .
A sequence over a finite alphabet is called recurrent if each block W
that occurs then reappears infinitely often with a bounded distance be-
w xtween successive blocks W. Morse 15 proved that the Thue]Morse
sequence is recurrent, but not periodic. We do not known if any other
recurrent and nonperiodic sequences are known. It can probably be shown
that normal numbers cannot be recurrent. It may be that the concept of
recurrent and nonperiodic can be generalized to the plane and then the
Penrose tilings would form such an example.
That the Thue]Morse sequence arises in the context of the trapezoidal
map is a surprise. We mention that this sequence has found use in at least
129 papers in physics. A good history of the early work on the Thue]Morse
w xsequence is found in Hedlund 10 .
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